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SELF-DUAL CONNECTIONS ON 4-MANIFOLDS
WITH INDEFINITE INTERSECTION MATRIX

CLIFFORD HENRY TAUBES

Abstract

Let M be a compact, connected and oriented Riemannian 4-manifold. Sufficient conditions on M
and a principal SU(2) bundle P — M are established which imply that P admits a smooth,
irreducible, self-dual connection.

1. The main results

This article addresses the following question: When does a principal SU(2)
bundle, P, over a smooth, compact, oriented, 4-dimensional Riemannian
manifold, M, admit an irreducible, self-dual connection? In a previous article
[20], the author established that if the intersection matrix (cf. [15])

Q:H,(M;Z) X H,(M;Z) > Z

of M is positive definite, then a necessary and sufficient condition on P is that
the second Chern class of P X gy, C? satisfy ¢,(P) < 0. This article extends
the existence results to manifolds with indefinite intersection matrix. The main
result here is that a principal SU(2) bundle P - M admits a smooth, irre-
ducible self-dual connection whenever —c,(P) is large with respect to b_
= L(rank(Q) — signature((Q)). These results are stated in detail in Theorems
1.1 and 1.2 below.

A number of the results which are stated below were deduced independently
by S. K. Donaldson, to whom the author is greatly indebted for many
invaluable discussions.

This article should be considered as a sequel to [20], where most of the
notation and terminology is introduced. The reader may find the expositions in
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[5], [9]), [19] useful as introductions to Yang-Mills theory. More advanced in
related papers are [2], [3], [6].

The context in which the self-duality question arises is as follows. Let G be a
compact, simple and simply connected Lie group and P — M a principal
G-bundle over the 4-manifold M. Denote by € (P) the space of smooth
connections on P. A connection 4 € #(P) is self-dual if its curvature, F,,

satisfies
(1.1) E, = xF,.

(The anti-self-dual equations, F, = —+F, are obtained in this context by
reversing the orientation of M.} Here, * is the Hodge dual that is defined by
the metric on the cotangent bundle 7* — M.

Principal G-bundles of the type under consideration are classified, up to
isomorphism, by the first Pontrjagin number, p,(d), where § = P X 44, a and
g = Lie Alg G. When p,(§) = 0, all self-dual connections are flat, hence their
orbits under ¥ = Aut P are in one-to-one correspondence with elements of
Hom(# (M), G)[7).

For G = SU(2), p;(§) = —8¢,(P), and the first existence theorem is

Theorem 1.1. Let M be a smooth, compact, oriented 4-dimensional Rieman-
nian manifold, and let Q be its homology intersection matrix. Let P — M be a
principal SU(2) bundle. The following relations between b_= %(rank(Q)-

_signature(Q)), and c,(P) imply that P admits smooth, irreducible self-dual
connections: (1) —c,(P) > max(3b_,1) when b_# 2, or (2) —c,(P) > 4 when
b=2.

If one assumes that the metric on M is generic, then better estimates exist.
These are stated next: '

Theorem 1.2. Let M be as in Theorem 1.1 and suppose that b_& {0,1,3}.
Let r > 2. For a dense open set of metrics on M in the C’-topology, a principal
SU(2) bundle P — M admits a smooth irreducible self-dual connection when
—c,(P) =2 b..

It should be remarked that the integer &_1is also equal to the dimension of

P Hpg = {w € Hprpam: *@ = —w},

where H3 gnam( M) is the DeRham cohomology group in dimension 2. Indeed,
as +: A, T* —> A, T* satisfies +*> = 1, there is the direct sum decomposition
AyT* =P _ AT*®PA,T* and elements in P_Hpy are the sections of
P A, T* which are harmonic with respect to the Laplace-Beltrami operator
that is defined by the exterior derivative and the metric on 7*.

The previous theorems should generalize to principal bundles with higher
rank structure groups; though the subject is not discussed here.
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The structure of the moduli spaces .# = {orbits of self-dual connections on
P} is also not discussed. The reader is referred to [9], [6] for the case b_= 0 and
—¢,(P) = 1. The dimensions of these moduli spaces, when M is Kahler, are
computed in {12]. :

The existence of self-dual connections on stable, holomorphic vector bundles
over complex algebraic surfaces has been established using different techniques
by S. K. Donaldson [7]. The special case where M = 4-torus has been investi-
gated by 't Hooft {11].

The question immediately arises as to whether the conditions for the
existence of self-dual connections given by Theorems 1.1 and 1.2 are in any
cases necessary as well as sufficient. Let M = CP? with the Fubini-Study
metric. Then »(CP?) = 1 and CP? is complex algebraic. S. K. Donaldson has
pointed out [8] that the above stated condition, that a principal SU(2) bundle
P - M = CP? must have —c,(P) > 2 in order to admit an irreducible self-
dual connection, is also a necessary condition: An SU(2) bundle P - M with
an irreducible self-dual connection would define a stable holomorphic rank 2
vector bundle over CP* with second Chern class ~1 and first Chern class 0.
The Riemann-Roch theorem forbids this (cf. [7, p. 160ff]). Therefore, on CP?2,
Theorem 1.1 gives necessary and sufficient conditions.

On the other hand, Theorem 1.3 and Proposition 10.3 show that there are
cases where Theorems 1.1 and 1.2 are not optimal.

As a final comment on this subject, it should be remarked that in Chapter 3
of [9] it is proved that for a generic metric on M, the existence of an irreducible
self-dual connection on a principal SU(2) bundle P — M requires —c,(P)
> #(b_.+ 1 — dim Hpg).

The strategy for proving these theorems generalizes the approach in [20].
Schematically, the approach is the following one. Let & = %/Aut P denote the
space of orbits of connections under Aut P. The assignment of [4] € & to
P_F, defines a section, ¢, of an infinite dimensional vector bundle £ — %. The
problem is to determine when ¢ has a zero.

The cut and paste operation in §§7, 8 of [20] constructs a finite-dimensional
manifold N with an embedding i; N — %. The manifold has the property that
a useful norm of ¢ is small. (This manifold ¥ is described shortly, see (1.4).)

Let v¢ denote the differential of ¢. It is a linear map from T, to £ which at
each b € & is a first order linear elliptic differential operator. Let V¢ denote
its adjoint; the section of Hom(£, T) obtained by taking the L* adjoint of
v¢l, ateach b € &.

Small eigenvalues of the composition V¢v¢'|, are the obstruction to using
directly the implicit function techniques in [20] to prove Theorems 1.1 and 1.2.
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However, the manifold N is shown to have the following additional property:
At each y € N, the second order elliptic operator Vv » has precisely 3b_
eigenvectors with small eigenvalues and all its other eigenvalues are O(1). The
span of these 3b_ eigenvectors defines the fibre at each y € N of a smooth R3?-
vector bundle V' — N as a subbundle of i*(.

A global version of Kuranishi’s ideas on complex structure deformations [14]
and the implicit function theorem are used to construct a section f: N — V
with the crucial property that £ ~}(0) € ¢71(0).

Indeed, Kuranishi’s ideas adapt to the present circumstances as follows: Let
II(-): N - Hom(i*, i*2) denote the section which is orthogonal projection
onto V C i*Q. Let exp: T — & denote the exponential map. Because ||¢]| is
small along N one can find a section p: N — (1 — I)i*Q which solves, at each
yEN, '

(12)  vovel(p) +(1 — I)[¢(exp(ve'(p))) - vovel(p)] = 0.

The crucial observation is that for y € N, the point exp( vVé'(p))(y) € Zis
self-dual if and only if

(1.3) 1o (exp(vo!(p)))(») = 0.

Thus the zero’s of the section f = I¢(exp(Vo'(p))): N = V determine self-
dual connections.

This rewriting of the self-dual equations would be completely academic were
it not for the fortunate fact that the data above, N,V — N andevenf: N — V,
are explicitly known in terms of natural geometric objects on the base manifold
M.

Let F.— M denote the principal SO(3) bundle over M whose fiber at p € M
are the positively oriented, orthonormal frames in P.A , 7% at p. Let R* =
(0, o). The manifold N is an open set in

(1.4) CL(F.x R*)/SO(3).

Here, C,(F_X R*) is the set of &-tuples of unordered points { y;,- - -,y,} € F.
X R with distinct basepoints in M. The group SO(3) acts on C,(F_X R*) via
the diagonal action of SO(3) on X, F..

Now CL(F_X R*)/SO(3) is parametrizing connections (mod Aut P) on the
principal bundle P — M. Some of the parameters have direct geometric
interpretation. Indeed, C;(F.X R*)/SO(3) fibers over C;,(M X R*). Let y €
C (F_X R*)/SO(3) and let {(p;, A;),- - -,( Py, Ap)} be its image in Cp (M X
R*). Then the curvature, F( y), of the connection that corresponds to y has its
curvature concentrated in k-balls in M with centers at { p,}%_; and radii
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{A;}5_,. Each ball contributes the amount ~1 to the integral over M of the
4-form '

ﬁtracecz[f’()’) A F(y)]

which represents ¢, (P) in H*(M;R).
The R*?- vector bundle ¥ over N is precisely the restriction of

® lc,;(F_x R*) X R3]
, b SO(3)
(1.5) l
C;(F_x R*) /SO(3)

to N.

Equation (1.5) suggests that one might obtain a proof of Theorems 1.1 and
1.2 by studying the characteristic classes of the vector bundle in (1.5). For
example, if one could prove that for a given k and b_, the bundle above does
not split a trivial line bundle, then every section of ¥ over N must have a zero.
In particular, (1.3) must have a solution.

The trivial case, here, is when b_= 0. Then, for any £ > 0, V is just
N X {0} = N and so tautologically, every section vanishes. This reproduces the
main theorem of [20].

A nontrivial case, which demonstrates the potential of a strictly topological
analysis of (1.3)is when k =1 and b_= 1. In thiscase, N = M, V=P A , T*
— M and one obtains

Theorem 1.3. Suppose that b (M) = 1 and the Euler class of the R*-bundle
P A,T*—> M is nonzero in H>(M;Z,) (for M spin, if dim H,(M;R) =
1mod?2). Then a principal SU(2) bundle P — M with —c,(P) > 1 admits a
smooth, irreducible self-dual connection.

The reader should compare Theorem 1.3 with the 5_= 1 case of Proposition
10.3.

For general k and b_, the calculations for the characteristic classes of the
vector bundle in (1.5) have stymied the author. For this reason, an explicit
investigation of the section f: N — 1 given by (1.4) was undertaken. For-
tuitously, f can be written as —h + h’, where % is explicit and /' is not; but
I7’]] << |[h]|. This allows a treatment of f with the following strategy: Find
y € N where h vanishes transversely; i.e. where A(y)=0 and Vi(y) €
Hom(7 ; V,) is surjective. Then use a version of the implicit function theorem
to prove that any perturbation of 4, and in particular f, must vanish near to y.
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To describe A, it is convenient to reinterpret a section of (1.5) as an SO(3)
equivariant map from C;(F X R*) to X, R’. Here, SO(3) acts diagonally on
the vector space X, R’. Choose a basis for P_Hpg (M), {w; }j=;. Represent a
point y € C,(F_X R*) by an unordered set

(1.6) y= {(pi’ A (xia)aa=1}

Here, each p, € M, each A, € R* and each (x?)]_, is a positively oriented
orthonormal frame at p, for P_A , T*.
The section # sends y in (1.6) to

k

i=1

k
wy h(r) = LR ((ar(pd: 55))oms o

in X, R’. Here, (-, -) denotes the Riemannian inner product on P_A , T*.

This article is composed as two parts. Part 1 comprises §§2-6 where
the self-dual equations are rewritten as equations for the zeros of 4 on
CL(F_X R*)/50(3), as defined in (1.7). §2 contains a brief introduction to the
self-dual equations. There, they are rewritten in a form that is similar to
- Kuranishi’s complex structure deformation equations. In §3, the formal aspects
of the strategy for proving Theorems 1.1 and 1.2 are discussed. The natural
vector bundles over & are discussed there. From §4 on, the discussion is strictly
for the group SU(2). In §4, the manifold N is defined as a subset of
CL(F_X R*)/50(3) and the inclusion of N into % is constructed. In §5, the
obstruction bundle ¥ over N is identified as the restriction to N of the bundle
in (1.5). Also in §5, the decomposition of f into —k + perturbation is accom-
plished. In §6, the implicit function theorem is used to establish the conditions
under which #71(0) # & implies that f "*(0) # &.

Part 2 of this paper comprises the analysis of the section # of (1.7). §7
analyzes the case b = 1, §§8 and 9 analyze b_= 2 and 3 respectively. These
three sections establish Theorems 1.1 and 1.2 for b_€ {1, 2, 3}. §10 establishes
Theorem 1.2 for 5_> 3 and §11 establishes Theorem 1.1 for b_> 3. There are
two technical appendices t0o.

2 The self-dual equations

Let G be a compact, simple Lie group and P — M a principal G-bundle. Fix
A, € €(P). As ¥(P) is an affine space, any connection 4 € ¥(P) can be
written uniquely as 4 = 4, + a with @ € Q'(d) = T(§ ® T*). The connection
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A has self-dual curvature if and only if the 1-form a satisfies

(2.1) 9,4+ atta+ PF, =0.

Here, as in [20], I have introduced the notation

(22) Dyy = P.Dy  Q4(§) > Q2(3) =T(g ® P.(A, TY)),
and

(2.3) a#tb=1iP (a Ab+ b Aa).

Following the discussion in [20], one attempts to solve (2.1) for a of the form
a =9} u, where u € 22(d), and

(2.4) D], = *D,: Q2(3) - 2(§).

Thus, rather than try to solve (2.1) for a € Q!(d), consider, the problem of
finding A, € ¥(P) such that the nonlinear, partial differential equation

(2.5) D, Diu + Dy uk D u+ PF, =0

has a solution, u € Q2(§d).
If for a given A, a solution u to (2.5) exists, then

(2.6) A=A(Ag, u) = Ay + D%u € €(P)

is self-dual.

The group ¥= Aut P = T(P X 45 G) acts on #(P) and on 22(§) as
follows: For (g, A,u) € ¢ X €Xx Q2(§), one has (g4, gu) = (A4 + gv,g7,
gug ') € €x Q2(§). Observe that if (4, u) € € X Q2(§) satisfies (2.5) then
for any g € ¢, so does (gd,, gu). In addition, (2.6) is %equivariant in the
sense that A(gd,, gu) = gA(A,, u).

The analysis of (2.5) begins by considering the operator 9, 2} : 92(3) —
22(d). Recall that the natural ¢ invariant inner product on §, and the given
Riemannian metric on T* induce a ¢ invariant metric (-, ) and norm | - | on
all vector bundles § ® V, where V is associated to the SO(4)-frame bundle of
M. In the usual way, one obtains L,p=>1, inner products on I'(§ ® V).

With respect to the L,-inner products on 22(§) and 2'(§), the operators 9]
and 2, are formal adjoints. The operator £ AO@,}TO is an essentially self-adjoint,
unbounded operator on L,(§ ® P_A , T*) with dense domain @2 (cf. Appen-
dix A). One property of such operators is that they have discrete spectrum with
finite multiplicity.

For any E > 0, define the projection operators. I1;(A4y): Ly(§ ® P.A ,T*)
— L,(G ® P_A ,T*) to be the finite rank spectral projections onto the sub-
space of L, spanned by the eigenvectors of & Aoe@jo with eigenvalues less than
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or equal to E. Define the projection operator I1# (A4,) to be the L,-orthogonal
complement.

Follow the teachings of Kuranishi [14] and write (2.5) as two equations by
using the operator identity 1 = II;(A4,) + Iz (4,). In addition, consider only
those u € Q2(§) which satisfy IT;(4,)u = 0. Thus, one is now considering the
problem of finding A, € €(P) and £ > 0 such that the two equations

(2.7) 2,24 u + 1 (A 2] u#Diu + PF, ) =0
and
(2.8) 1, (4,)( 2} u#D}u + P.F, ) =0

have simultaneously a solution u € I3 (4,)Q2(§). The properties of (2.7) and
(2.8) are the subject of the next section.

3. The global setting

The purpose of this section is to place (2.7) and (2.8) in a more geometric
setting. This requires first understanding (2.7) and then understanding and
reinterpreting (2.8).

For fixed £ > 0, one is to consider (2.7) as an equation for u = uz(A,).
Then (2.8) becomes a finite set of equations for 4,. The treatment of (2.8) is
greatly facilitated by establishing under what conditions uz(A) changes
smoothly with respect to smooth changes of 4. For this reason, it is necessary
to define what is meant by a smooth map of a smooth manifold N into ¥, €/9
and Q2(d). This is usually done by considering %, for example, as a dense
subset of an underlying smooth Banach manifold. One can do this using a
Sobolev L, , topology (locally on M, derivatives through order k are in L, cf.
[18]) as is done in [9], [6]. The details are now standard and to avoid a dense,
technical discussion here the details are relegated to Appendix A. Suffice it to
say that differentiation is defined here with respect to the L,, structure on %,
the L, structure on ¢ and the L5, structure on 22(d). Introduce, as notation,
|| - |, for the L, norm on sections of the various bundles involved.

The discussion of (2.7) is facilitated by making the following definitions
(compare Definition 3.1 of {20]).

Definition. For A € ¥and E > 0, define

$e(4) = E—1/2(1 +E +||P_FA||§)1/2,

(3.1)
‘ 8:(A) =|lP_F,|, + fE(A)“P-F;i“zt/a(l + ”E4”4)-
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It is an exercise in the Sobolev inequalities to verify that {,(-) and 8,(-) are
continuous functions on ¥. This is left to the reader.

The basic existence theorem for (2.7) follows as a straightforward generaliza-
tion of Theorem 3.2 of [20]. The following theorem is proved in Appendix A.

Theorem 3.2. Let M be a compact, oriented, 4-dimensional Riemannian
manifold. Let P — M be a principal G-bundle, with G a compact, semi-simple
Lie group. There exists g, > 0, which is independent of P and A € €(P), with
the following significance: for fixed E > 0, suppose that

(1 + §E(A))6E(A) < £.

Then there exists a unique solution u, € Q*(§) to (2.7) with the properties
I (Aug =0, and

(3.2) ” VA@,IuE”z + nguauz <c-8.(4), )
(3.3) “9;“5”2 < ¢ $p(AWPE |y 5

Here ¢ < oo is independent of A, P, and .

Theorem 3.2 establishes a mapping u .(-) from

Cr={A€ E(P) 1+ {(A)0:(A)<egy) to R%(§) which is %equi-
variant: u;(gd) = guz(A).

The existence of this map u () allows one to consider (2.8) as an equation
for A € €. The left-hand side of (2.8) defines a mapping which associates to
each A € ¥(P) a point

(3.4) f5(4) = T, (A)(Djup(A)#Tu,(A) + P.F,)

in ©2(4). To describe the map f(-), introduce the assignment n(-) of 4 € ¥
to the integer rank(IIz(A4)).

Proposition 3.3. Let N be a smooth manifold and let ¥Y: N — € be a smooth
map with the property ¥*nyg is constant. Then Y*I1; varies smoothly as a
projection operator on Q*(§), the map ¥*@Tu,: N — Q4 d) is smooth and also
the map Y*f: N — Q%(§) is smooth.

This proposition is proved in Appendix A.

Let N be a smooth manifold, and let ¥: N — % be a smooth map. One
defines a new map ¥;: N — %, by exploiting the affine structure of % to
assigny € N to

(3:5) \I'l(J’):‘I'()’)+(\I'*9TuE)()’)-
This map ¥, is smooth when ¥*n is constant on N. In addition, ¥,(x) is
self-dual if ¥*f-(x) = 0in 2(3).

The map ¥, is also %-equivariant in the following sense: Let /: N — %be a
smooth map. Define ¥/ = (/¥)(-): N = %, and define ¥, by (3.5) with ¥’
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replacing ¥. Then ¥/(y) = I(y)¥,(y) for all y € N. It is this %equivariance
which makes it useful to continue the discussion in terms of structures on the
quotient space # = ¢/%.

Let ¥* C % denote the dense open subspace of irreducible connections. It is
now a standard argument that the quotient ¥* — ¢* /% = #* defines a C*
principal %bundle [9]. For E > 0, define #f = (¥, N ¢*)/¥9.

As % acts naturally on £2(3), one can form the associated vector bundle
(3.6) Q= %* x4, 02%(a).

Since the assignment of 4 € ¥to P_F, € Q*(3) is %equivariant, it defines a
section @ of £ over #*.

The assignment of 4 € ¥ to ng(A4) = rank I1.(4) € {0,1,--- } is %equi-
variant, and so defines a (discontinuous) map ny: #* — {0,1,--- }. Also, the
assignment of 4 € € to fz(A) € Q*(§) is %equivariant and so defines a
(discontinuous) section f of £ over Z%. ’

Now, if ¥: N — Z}% is a smooth map of smooth manifold N into ## such
that ¥*n . is constant, then Proposition 3.3 implies that ¥*f; is a smooth
section of ¥*Q over N. What is more, the subset V' = (V*I1)¥*Q of ¥*Q
defines a smooth vector bundle over N with fiber dimension ¥*n and ¥*f;:
N — Vis a smooth section of ¥ over N.

The construction of useful manifolds N with maps ¥: N — %7 starts in the
next section.

4. Nearly self-dual connections

In this section and the remaining ones, P — M is a principal SU(2) bundle
with -k = —¢,(P) > 0. Theorem 8.2 of [20] states that for any E > 0, €(P) #
Z. In order to construct some useful manifolds with maps into Z%, it is
necessary to consider certain aspects of the proof of Theorem 8.2 of [20] in
more detail. In partcular, it is important to keep careful track of the parame-
ters that are required to specify the connections provided by Definitions 8.3
and 8.4 of [20]; these parameters provide the manifold N. The manifold N and
the map ¥: N — #} are defined at the end of this section.

A brief review of the construction of the connections in [20] is the first topic
of §4. The recipe that appears in §8 of [20] requires the ingredients that are
listed below.

Identify R* = H = quaterions, SU(2) = unit quaternions, and 3u(2) =
Im H. On R?, define

4.1) Uy={xeR|x|<1} and U, =R\{0}.
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The bundle P — R* is specified by giving the transition function
(4.2) g Uy N G, — SU(2), g12(x) = x/x|.

A connection, W € € (P), is specified by data consisting of a pair of 51 (2)
valued 1-forms, W' on U, (i = 1,2) which are restricted on U; N U, to obey
the cocycle condition

(4.3) Wi(x) = g2 (x)W>(x) 812 (x) + g12(x) dgi3 (x).

For each A € (0,1) define the connection

_ . 2\ _ x dx N X dx
@4 W= () (Im(xz+|x|2)’lm([x|2(>@+lxiz)))'

In fact, the connection W, is self-dual {4]. This connection is discussed in
detail in [2], [10]. The curvature of W, is given in U; by

(4.5) Fl— A dx A dx
' (N + 1x]2)°

As in [20, §8], connections over M which are approximately self-dual will be
constructed by finding the “good” maps ¢: M — R* by which the pair (P, W)
of bundle and connection can be pulled back to M. The good maps come from
Gaussian coordinate charts on M.

The set of all Gaussian coordinate systems on M is parametrized by the
oriented orthonormal frame bundle 7: F,, — M in the following way: A point
f € F,, consists of a point p = #(f) € M, and an orthonormal frame ¢ €
77 p) = Fyl p- Let exp,: Tj,|, = M denote the exponential map at p. One
obtains a unique identification of 7,,|, = R* from the frame e. Thus a point
f € Fy, yields a unique map, exp;: R* — M. Because M is compact, there is a
ball B, C R* of fixed radius, p > 0, centered at 0 € R*, such that expylg, isa
diffeomorphism onto its image, U. Let ¢, denote the inverse map. The map ¢, is
a Gaussian coordinate system centered at p, and has the following properties:
Let (-,- ) denote the metric on 7*. Then

1) 4(p) =0 and delpe = {2,
(46) (2) (g7 dx®, gpdx?) = 6% + O(|x[), «pe (1, --.4),
(3) |d(oF dx®, ¢f axf)|=0(lx]), e« pe(,--.4).

At this point, all of the data necessary for the definition of the manifold N
and the map ¥: N — % have been introduced.
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Definition 4.1. For each integer / > 0, r € [0,1) and 0 < A < A, = 167,
define N,(/,7,A) to be the following subset of X (Fy X (0,A)): A point
y=f A\)i=) € N if:

(1) d(y) = min, ., dist(w(f), 7(£)) > 0.

(2) Foreachi € (1,---,0),\; < 647'd%(y).

_ (3) Define A(y) = max,cq...p, Ay AM(¥) = mineq..nA; and #(y) =
A(y)/A(y). Require that 1(y) > .

The set N, is a smooth manifold, dim N; = 11 - [,

For each point y € N,, a pair (P(y), A(y)) consisting of a principal SU(2)
bundle P(y) — M and a connection A(y) € €(P(Y)) will be defined. In the
following definition, 8(z) € C(R) is a smooth bump function satisfying
0<B<1l,andB(t1)=1(=0)whent<1(r> 3).Forx € R*and r > 0, set
B.(x) = B(rtx|). Let P, = M x SU(2) and denote by 8 € €(P,) the flat,
product connection.

Definition 4.2. Define the family of bundles (P(y), 4(y)),en, by the
following data:

(1) Fory = ((f,, A\,)\_1) € N, the cover ¥ (y) = {Uy, U, -+, U} of M is

@7 U=¢Bgx), i), U=M\{7(f)}
(2) The transition functions { g,o: U; N U, = SU(2)}._, are
(4.8) gio = 9 (x/1x]).
(3) The connection A(y) = {a, € C*(U,; T*) X 3u(2)} is
a,=¢r(Wi) forie(l,-,1),

(4.9) !
ay=0+ ¥ of(Bs W)
i=1

At this point, some remarks are in order. First, the pair (P(y), A(y)) is
smooth; this follows because of the restrictions A < 167 %% and A; < 6471d(y)2.
Second, each A(y) is irreducible. Third, by appealing to Proposition 8.5 of
[20}, for fixed /, the bundles P(y), y € N,(1,0, A,), are mutually isomorphic
with —¢,(P(y)) = L.

Choose a fixed basepoint y, € N,(/,0, A,) and write P = P(y,). For y €
N(1,0, Ay), two isomorphisms 1,, 1, € I'(Iso( P, P(y))) differ by an element
in Z(P). Thus, one has

Definition 4.3. Given 1 € Z, define a map ¥: N;(/,0,A,) > #*(P) as
follows: For each y € N;, choose n(y) € I'(Iso(P; P(y))) and set

¥(y) = [n*(y)A(y)] € 8*(P),
where 4( y) is given in Definition 4.2.
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Whether or not ¥ is a smooth map is a local question with respect to N,
and a simple calculation, which shall be omitted, yields

Proposition 4.4. The map ¥: N (1,0, Ay) — B* of Definition 4.3 is smooth.

Further relevant properties of ¥ are related to the fact that associated to an
oriented, 4-dimensional Riemannian manifold are two canonical, principal
SO(3) bundles, F,, F.— M, which are respectively the bundles of orthonormal
frames in P, A , Tj,. There are bundle maps p ,: F,, — F_ which are obtained
by taking an orthonormal frame e € T,,, and constructing the induced ortho-
normal basis of P A , T,,. There are also two homomorphism p ,: SO(4) -
SO(3) which come from the isomorphism SO(4) = SU(2) X ., SU(2). The
maps p | have the property that

piXpy
Fy X SO(4) — " F_x SO(3)

b
Fy - > F,

is a commutative diagram. Here, the verticle arrows give the standard group
actions.

The bundle F.— M is important. The map p_ extends, for each / > 0, to a
bundle map )

(4.10) bt X, (Fy X(0,X0)) = X, (F.X(0, ).

Let N,(1,0, Ay) = pN,(1,0, Ay). The group ¥, of permutations of / objects acts
naturally on N,. In Addition, SO(3) acts on N, by multiplication from the right
simultaneously on each factor of F . This SO(3) action commutes with the %,
action. The quotients, N(1,0, A,) = N,(/,0, A,)/L,and N(1,0, A,) = N/SO(3)
are smooth manifolds of dimension 8/ and 8/ — 3, respectively. In fact, the
projection from N — N defines a principal SO(3) bundle.

Proposition 4.5. The map ¥: N,(1,0, X)) = B* of Definition 4.3 factors
through N(1,0, X,), and N(1,0, \,).

Denote the induced maps by ¥ also. It is a fact that ¥ embeds N in #*.
This will not be proved here as it is not directly relevant to the proof of the
theorems in §1. The proof of Proposition 4.5 is deferred to the end of this
section.

Concerning the map ¥*n;: N — Z, one has

Proposition 4.6. Let Ej(M) = 1 - (the lowest, nonzero eigenvalue of P_dd":
Q2(M) - Q2(M)). Given | > 0 and 0 < E < Ey(M), there exists 0 < A\(E, )
< Ay such that Y*ng: N(1,0, A) — Z has the constant value 3b (M).

Proposition 4.6 is also proved at the end of this section.
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The utility of the manifold N to the strategy of §3 is due to Proposition 4.6
and

Proposition 4.7. Given >0, E>0 and 1t € (0,1), there exists 0 <
A (E, t, 1) < Ny such that for all A < A, and ally € N(I,t, ), ¥(y) € B} In
fact

D) (A < (DA + ETV2)(L + tTHN(y),

@) IP-Ey,)ll, < c(OAO)?,

3 1E gl < c(HA(yN¥P2,

Proposition 4.7 is Proposition 8.6 of [20].

The remainder of this section contains the proofs of Propositions 4.5 and
4.6.

Proof of Proposition 4.5. Let y = ((f;, X,;)i=;) € Ny. Restrict attention to a
ball B, 5 centered at p = 7(f;). Let (x*)3_, denote the Gaussian coordinate
system defined by f;. Represent e € SO(4) by (e, e)) € SU(2) X SU(2). Let
(x2)%_, denote the Gaussian coordinate system defined by fie. Think of
R* = Hand SU(2) = S* € H. Then

1

(4.11) x,=e,xeL
Hence, the transition function in U; N U, defined by f; and f,e are related by

(4.12) gl fie] = ¢;;e(x/’xl) =e.glAle
The connection 1-forms in U, are related by
(4.13) alfie] = 47.(W) = e.ar[ fi]e7

One concludes from (4.12) and (4.13) that the image of y = ((f}, A)),
(s A=) and y’ = ((f1e, M), (f;, A))j—,) in #* coincide when e = [(e., 1)]
€ SO(4). Therefore the map ¥ factors through N,.

Next, let y = ((f, A,)'=;) and ¥ = ((fie, \)/= ) for e = [(e_, e )] € SO(4).
Using (4.12), one observes that for each i € (1,- - -,/), the transition functions
in U, N U, defined by y and y’ are related by g,,[y'] = e, g:o[ v]eZ}, while the
connection 1-forms in U are related by

(4.14) agly’] = e.ag[y]et

Therefore, y and y’ have the same image in #E, and ¥ factors through
N,/SO(3). Since a permutation of the factors of y = ((f, A,)!_;) changes
nothing, ¥ factors through N as claimed.

Proof of Proposition 4.6." The fact that for £ < E, there exists A((E, /) > 0
such that ¥*n: N(/,0, A;) - Z has value less than or equal to 35_is proved
in the same way that Proposition 8.8 of [20] was proved; the reader is referred
there. To show that A; can be chosen so that ¥*n, = 3b_, the following
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construction is required: Choose an orthonormal basis {6°}2_; for M X 3u(2)
such that vgo® =0, a =1,2,3. Let y = ((f, A;)) € N(1,0, A), for A < A,,.
Define M(y) = M\ {7w(f,)}!_,. The construction of P(y) — M gives a natu-
ral identification P(y)| s,y = M(y) X SU(2), and through this identification,

{o°)io, € COO(M()’)Q P(y) Xsug 5“(2))-

Choose an L,-orthornormal basis {w;}?=, of P.H3z(M). Finally, for a €
(1,2,3)and J € (1,- - -,b), set

(4.15) W o[y]= ,Bl(l = By li]) w0,

where B, [i]= ¢}B, . Observe that w; [y] € Q2(3(y)). A straightforward
calculation reveals that for A sufficiently small,

M) [2hera], <z Mp), as(1,2,3),7€ (1.5,

(416) (2) <wJ,a(y)’ wJ’,a’(y)>2 = 8],]’8a,a’ + 0(A4(y))
fora,a’ €(1,2,3)andJ, J € (1,---,b_).

Here, z is a numerical constant which is independent of A. Thus, if A; <
z71E,(M) with z defined by (4.16), then for each y € N(1,0, A;), the rank of
II,.,,(A(y)) is 3b_. Then the Graham-Schmidt procedure provides exactly 3b_
eigenvectors of &, W@L ») With eigenvalue less than or equal to z - A;. In fact,
(4.16) implies that the projection II,., (A(y)) on span{w;, }j’?;l?Fl is an
isomorphism onto. The following lemma summarizes.

Lemma 4.8. Given | > 0, there exist c(M,[) < 0 and 0 < A;(M, 1) <A,
such that for each y € N(I,0, A;) the operator QA(y)@jU,) has 3b (M) eigenvec-
tors with eigenvalues less than ¢ - N(y)* and all other eigenvalues are greater than
E,(M).

Proposition 4.6 follows immediately.

5. The obstruction

For each / > 0, the principal SO(3) bundles N(J, ¢, A,) = N(I, £, A,), have
been constructed for values of ¢ € (0,1) and for A, = A,(E,, ¢, [) as specified
by Propositions 4.6 and 4.7. Definition 4.3 provides a smooth map V:
N — ¢ with the property that ¥*n; = 3b_. According to Proposition 3.5,
the induced section ¥*f, € I'(¥*Q) is smooth. The task of determining the
conditions which imply that ¥*f has a zero is simplified because the vector
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bundle II; (¥)¥*@ — N is isomorphic to an associated vector bundle to the
SO(3) principal bundle N — N. This observation is stated in the proposition
below.

Proposition 5.1. Let / > 0, and let A|(E,, !) be as specified in Proposition
4.6. There exists 0 <A, (I) <A(Ey, ) such that the pulled-back R**-vector
bundle I1g (¥)¥*Q — N(1,0, A,) is isomorphic to the associated vector bundle

V=N Xgo3 RN,

where SO(3) acts diagonally on R**-= X, R’.

Proposition 5.1 follows from the next result. Below, - ,- ), denotes the L,
inner product on £2(§).

Proposition 5.2. Let | > 0 and let A|(Ey, |} be as specified in Proposition 4.6.
There exists 0 < A ,(1) < A(Ey, I) such that the pulled-back R*®*- vector bundle

V=T, (¥)¥*Q - N(1,0,A,(]))

is isomorphic to N X R*-. Let {w; ,(y)} be defined by (4.15). Then a trivializa-
tion of this bundle is given by the map ¢: ¥ — N(1,0, Ay) X R*- which takes
u e V[ yto

(5.1) o(y,u)= (y’<wj,a[}’],u>2)[;_=13,a=1)'

Proof of Proposition 5.1, assumingProposition 52. Lety = ((f,A,))-, €N,
let u € V|, and let A € SO(3). Represent A by the 3 X 3 matrix A% a be
(1,2, 3). From (4.14) and (4.15), one obtains that

(E (rn¥], u>2A"")b' 3 )

J=1,a=1

(5.2) (YA, u)

where yA = ((f,A, A,)!_,) and ¢ is the map in (5.1). Proposition 5.1 follows
readily from (5.2). '

Proof of Proposition 5.2. A consequence of Proposition 4.6 and Proposition
3.5 is that the bundle in question is smooth. The map ¢ is a smooth, bundle
map, so it is necessary to establish that it is an isomorphism on the fibres. This
fact follows readily from Lemma 4.8 and (4.16) when A, is taken sufficiently
small.

The applications of Propositions 5.1 and 5.2 require one to define for / > 0
and ¢ € (0, 1), the number

(5.3) A1, 1) = min(A (1), A, (Ey, 1, 1)),

where A,(E,, t, /) is specified in Proposition 4.7. It is convenient to use the
trivialization of V' that Proposition 5.2 provides to reinterpret sections of the
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vector bundle
N(1, 1, A(1, 1)) X 50 R*-= N(1,1, (1, 1))

as SO(3)-equivariant maps from N(/, z, A) to R**-. The problem at hand is to
determine under what circumstances the SO(3)-equivariant map ¥* /g, has a
zero. Lacking a more powerful technique, the strategy for solving this problem
is to split ¥*f; into a sum —h + A’ of SO(3) equivariant maps from N, t, D)
to R*”-. The map & will contain the leading order term in A(y), y € N; the map
#’ will contain terms of lower order.

The definition of the splitting of ¥*f; into —h + A’ is the next order of
business.

Definition 5.3. For !/ > 0, define the space

F(1) = GUEX R) = (/o \)i=; € X, (EX(0,0)):

fori#j,m(f) + w(fj)}/z,.

Write y € F(/) as y = {(f, A\;)!~;} and represent each f, € F. by a pair
(P (x2)_1), where p, = w(f,) € M and (x2)]_, is an orthonormal frame for
P A ,T* at p,. Define h(y) in R**- by (1.7). For each /> 0 and 7 € (0,1),
restrict A to N(L ¢, A(l,1)) and define h": N(/,t,A(/,1)) = R*- by b’ =
(1/V2m)¥*fp + h.

The utility of this splitting of ¥*f; is in part due to the following
proposition. :

Proposition 54. Let #’: N(I, t, A(l, t)) > R**- be as in the previous defini-
tion. Then fory € N, |k’ (y)| ~ O(A(»)*/?).

The remainder of this section is occupied with the proof of this proposition.

Proof of Proposition 54. Consider (2.8) with 4, = A(y). This equation
defines ¥*f, . It is simplest to prove Proposition 5.4 by eliminating terms in
(2.8) which are O(A(y)*/?). What remains will be the map 4 of Definition 5.3.
First, observe that if 7 is an eigenvector of 2,2} of eigenvalue E < 1 and
A = A(y) then ||7]|,, is uniformly bounded, independent of y. This is estab-
lished in §8 of [20], cf. (8.48). Therefore,

lHEo(A)(‘@I‘qu A 9J‘Lulfo) Sc¢ "9;7"1:‘0“2 scr E0_1>\(y)3-

The last inequality above is obtained with the aid of Proposition 4.7 and (3.4).
Next, consider the term Il (A4)P_F, in (2.8). The following identity holds:
Letw = w; 4(y)and 4 = A(y). Then

(5.5) (0, I (A)PF,), = (0, P.F), — (I}, P.F,), .
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Lemma 5.5. Under the conditions of Proposition 5.4, the second term in (5.5)
is O(A(y)>?).

Proof of Lemma 5.5. Observe that because of (4.16) and because mg (A4)
commutes with 2,9,

(5.6) ll@;‘l‘[;owuz <c-A(y).

By applying a result from Appendix A, (A.3), one obtains from (5.6) that
(5.7) |50, < e - Ee(A(y).

From this last inequality and Proposition 4.7, one has

(58) (Mg, PE) | <c S (DADNIPElys < ¢ Ep(AN(p).

The first term in (5.5) has contributions only from the balls B, \/—( i)
i =1,---,1. Focus on one such ball and for convenience, write A = A, f = f,

andp pi- In U= Byz(p)\p, F, is

A2x Dx
x| *(1x)” + v)
+B5(Bg— DWR(x) A WR(x),

Here, { x*}#_, are the Gaussian normal coordinates defined by some f’ € p_Yf
C Fyl,, and Fy is given in (4.5) while W7 is given in (4.4).
Lemma 5.6. Under the conditions of Proposition 5.4,

El(x)=

F,=d m
B“*“( aiaCiv

(5.9)

’< (B‘/XIIFA l+ﬂﬁ(ﬂf W2 A Wf)>

2

is O(X(y)).
Proof of Lemma 5.6. The lemma follows from the following observations:
(D) |lw]],, 1s uniformly bounded.
(2) The metric norms and measure differ in B from the Euclidean ones by
o(x* ~ ).
(3

X

|x|
1Br(1 = Br)W2 AW < ¢ Bi(l~ Bg) A

The details are left to the reader.

<o N(x2+ )7

t”’“*u*l
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Lemma 5.7. Under the conditions of Proposition 5.4,

A% dx
s A Tm| —
" (|x\ (1 w)))

— NVZa(ay(p), x°) + O(N2).
Here, the point f = (p,{x“})_,) € F..
Proof of Lemma 5.7. One observes that due to observation (2) in the
previous paragraph,

s g5 P

o%x4+r.

(5.0) P (dﬁﬁlm N3 dx ) _ 1 Bx A

P (x” +22) | V2 Al x| ([ + A)

Here, |r| < ¢ - AByx(1 — By»5)- In addition, the 2-form w; can be expanded
in a Taylor’s expansion about p, whence

(511) ay.a(x) = @y (p)a® + O(N/2).
Thus, except for terms of O(A/?),
>2

<wj’a,P_
27?2 © Nx*dx aﬁ\/‘
‘/5 (wf(p)’ )f ( 2+}\2) alxi
as claimed.

YTy (p), x°) + O(N),
One concludes from Lemmas 5.5-5.7 that ¥*f; is O(A(y)>'?) except for a
sum, X, }\2\/—772(‘*’1(17,) xi).
But this is precisely — \/— 2«* times h of Definition 5.3. Hence |¥*fg / V2 V2m?
+ h| ~ O(A(»)*/?) as claimed.

NX dx

B A Tm—rn X
" %P (x2 + A2)

(5.12)

6. Bundles with —c, ( P) large

In order to utilize the decomposition of ¥* fEO into —h + h’ of Definition 5.3,
one additional result is necessary; this is a proposition which relates the
vanishing of the section 4 to the vanishing of the section of interest, ¥*f .
Proposition 6.1, below, provides the necessary relation.

In order to efficiently use the decomposition of ¥*f into -k + &', it is
helpful to have a result which relates the zero’s of ¥*f. in N(/) to those of
¥*fg, in N(/') for I > /. This relation is provided by Proposition 6.2.
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Proposition 6.1. Let k € (1,2,--- Yand n € (0,1,--- ). Let v be a C* map
of the ball of radius § > 0, By C R"** into R* with the following properties:

1) v(©)=0.

(2) H = dv| is surjective. Let p = |HH'|*/?.

(3) |o(x) — Hx| < - 8/2 if x € B
Let v': By — R* be continuous with |v'| < u8/2. Then there exists x € By such
that v(x) + v'(x) = 0.

Proposition 6.2. Ler [ > 0. Suppose that there exists y € F(l) where the map
h of Definition 5.3 satisfies

D h(y)=0,and

(2) dh: Ty|, — R*%- is surjective. _
Then there exist smooth, irreducible self-dual SU(2) connections on all principal
SU(2) bundles P — M satisfying —c,(P) = 1.

In practice, Proposition 6.2 is used in conjunction with the following
observation: if Q € GL(3b_,R) is a constant matrix, and QA(-) satisfies
conditions (1) and (2) above, then /() does also.

Because of this fact, A(-) and Qk(-) for Q € GL(36_,R) will not be
explicitly distinguished. (Matrices Q arise by considering linear combinations
of the orthonormal basis { w, }—, of P.H3g.)

The proof of Propositions 6.1 and 6.2 occupies the rest of this section.

Proof of Proposition 6.1. Define a one-parameter family of maps,

[(+): S¥71 x[0,1] = S*°1,
by identifying the domain S*~! with the 8-sphere in (Ker H)* and writing

z+ tHY(HH ) (v(z2) — Hz + v'(2))
iz + tHY(HH) M0(2) — Hz + v'(2))|

I(z,t) =

The map I(-,- ) is continuous. Because /(-,0): S¥~* — §%~! has degree 1, so
does I(-,1). Therefore, no continuous extension of /(-,1) to a map from
B* — 5%1 exists, so necessarily, there exists x € int By N (Ker H)* which
satisfies

x + HY(HH?) (v(x) — Hx + v'(x)) = 0.

Proof of Proposition 6.2. The crucial observation to make is that if y =
((f:» A\,)!_)) € F(I), then there exists (y) € (0,1) such that for all r > r(y),
the point

(6.1) ry = ((fn ">‘i);{=1)
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lies in N(J, 1(y), A(J, #(»))). Indeed, A(ry) = rA(y) while 7(ry) = #(y). The
map h: F(/) - R**- if Definition 5.3 transforms homogeneously with respect
to the scaling y — ry:

(6.2) h(ry) = r*h(y).

This scaling y — ry maps N(/, 1, A(l,t)) into itself, but the map A"
N(I, t, A({, t)) = R**- of Definition 5.3 is not necessarily homogeneous with
respect to it. However, by Proposition 5.4, if y € N(/, ¢, A(/, ¢)) then

(6.3) ()l < PR (y)]-

Now suppose that y € F(/) has h(y) = 0 and dh|, surjective. Then this is
true for ry as well. For r € (0,1) sufficiently small, ry € N(/, t(y), A(l, 1(¥))).
For r € (0,1) smaller still, (6.2) and (6.3) insure that Proposition 6.1 is
applicable to the decomposition ¥*f; = —h + h’ by setting v = ~h, v" = h".
Thus (W¥* fEO)‘l(O) # @ and the SU(2) bundle P — M with —¢,(P) = I admits
a smooth, irreducible, self-dual connection.

Next, consider SU(2) bundles P’ — M with —¢,(P )=k > 1 Let y=
((f» A\)i_)) € F(I) be the given point. Choose, arbitrarily, k — !/ points
{g,}i2] € F_, except require that {=(g J)}j" -/ € M are distinct, and distinct
from the points in { 7(f; )}J 1-

For all s € (0, 1), the point

(64) Y = ((fl’ >‘1):' : "(fl’ >‘1)’ (gl’ S}‘(y))" ) "(gk—h S}‘(y)))
lies in F(k), and satisfies 7( y,) = st(y).
Therefore, if r = r(s) € (0,1) is sufficiently small, ry, € N(k, st(y),

A(k, st(y))).
Observe that there is a natural splitting of h(ry,) = h; + h, where

(6.5) hy(ry,) = rzh(y)

(6.6) hy(ry) = -r’s? Z ‘*’J("T(g, )

Here, g; = (w(g;), { ] },—1)- Meanwhile, one still has

(6.7) I (ry)| < const(rA(»))™.

Since 4, is homogeneous of degree 2 in s and r, it follows that there exists
s €(0,1) and r = r(s) € (0,1) such that Proposition 6.1 is applicable when
one sets v = —h; and v’ = -h, + h’. Therefore, (‘I'*fEO)‘l(O) N N(k, st(y),
A(k, st(y))) is nonempty, and P’ — M admits a smooth, irreducible self-dual
connection as well.
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7. Thecaseb_=1

It is relatively easy to establish that the conditions of Proposition 6.1 are
satisfied for /=2 when b_= 1. This is done here. The result is stated as
Proposition 7.1.

Proposition 7.1. Let b_= 1. Smooth, irreducible self-dual connections exist on
principal SU2) bundles P — M with —c,(P) = 2.

Preliminary to proving Proposition 7.1, it is useful to describe the map 4 of
Definition 5.3 in greater detail. It is convenient to use the exponential function
t — exp(—t/2) to identify R with (0, 00). Via this identification, F(/) = ( X (F_
X R))/Z,. As no confusion will arise, let (X ,(F.X R))/Z, be denoted by F(/)
and fory = ((p;, {x?}3_1, t,)'=;) € F(I), the map 4 of Definition 5.3 is given
by

b_ 3

(7.1) h(y) = E:le_t'((wj(l%))’ xfl)J=1,a=1-

The vector A(y) = E'_, k(i) € R*- is the sum of contributions which de-

pend only on (p,, {xf}3_,, ;) € F.X R. Here, i: F.X R — R%-is given by
i’(l” {xa}i=1’ t) = e_t((wj(p))’ xa)l;_=13,a=1~

The differential of 4 at (f, 1) € F_x R is a linear map from Tr|; X R to R3-,
Before describing this differential, it should be pointed out that the fiber T |,
is spanned by the vertical vector fields at f, and the horizontal (with respect to
the Riemannian metric) vector fields at f. The space of vertical vector fields at
£ is naturally isomorphic, via pull back, to the fiber at p = «(f) of the bundle
A End(P_A , T*) of skew-symmetric endomorphisms of P_A , T*. The space
of horizontal vector fields at f is isomorphic to T),|,. The differential of 4 at

(p’ {xa L31=17 t)iS
dh(§,0,5) = e7(=s(w,(p)), x*) + (v, (p), x*)
+(ij(p)7 x”)?=1,3=1'

In this notation, { € T, »» V¢ is the covariant derivative and v e
AEnd(P_A ,T%)],.

At times, it will be convenient to consider a notation where, for fixed
P EM, (w,(p),x*)>’_ is a vector &,(p) € R® whose direction is determined
by the frame {x“}. Changing the frame to {x"*} corresponds to rotating &( p)
to A(x)&(p), where A(x’) € SO(3) is a 3 X 3 orthogonal matrix. Equiva-
lently, the choice of a fixed frame {x“} in F | pallowsonetowritey € F.|, X R

(71.2)
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asy = (p, A, t) with A € SO(3). This representation for y will be used here,
and in later sections.

Proof of Proposition 7.1. 1t is enough to verify the conditions of Proposition
6.1 for / = 2. Choose distinct points, p;, p, € M where the 2-form w € P H3;
does not vanish. Choose fixed frames in F_ at p; and p,. Let A € SO(3) and
t € R. A point in F(2) is defined by y = ((p;, A, 1),(p,,1,0)). As SO(3) acts
transitively on S, it is no loss of generality to assume that &( p;) = -a&( p,)
with @ > 0, and by rescaling ¢, one can assume that « = 1.

The map 4 of (7.1), when restricted to y of the above form, defines a map 4:
SO(3) x R — R that is given by A(A, 1) = (e 'A& — &), where & = &(p,).
Hence a(1, 0) = 0.

According to (7.2), a vector § € R® is in Coker dh at (A =1, ¢ = 0) iff (1)
& -0 =0,and 2) & A ¥ = 0. Here, “-” is the scalar product on R*> and “A” is
the exterior (vector) product. These conditions imply that 7 = 0. Therefore
y = ((p1,1,0),(p,,1,0)) satisfies the conditions of Proposition 6.2.

8. Thecaseb_=2

The case b_= 2 is quite different than the case b_= 1, as evidenced by

Proposition 8.1. Let b_= 2. (1) Smooth, irreducible, self-dual connections
exist on all principal SU(2) bundles P — M with —bz(P) > 4. (2) Suppose that
no L,-orthonormal w,, w, € P_HZy are pointwise orthonormal and pointwise the
same length. Then smooth irreducible self-dual connections exist on all principal
SU(2) bundles P — M if —c,(P) = 3.

Proposition 8.2. Let b_= 2 and k > 2. For an open, dense set of metrics on
T,, in the C*-topology, smooth, irreducible self-dual connections exist on all
principal SU(2) bundles P - M with —c,(P) > 2.

Both propositions, and the results for »_> 2 in later sections, require the
next lemma about 2-forms in H3jy.

Lemma 8.3. Let w;, w, € P_H2y be linearly independent over R. Then the
set of points p € M, where w,(p) = a(p)w,(p), a( p) € R, has measure zero.

Proof of Lemma 8.3. Indeed, if w, = aw, in an open set U C M, then the
fact that w; and w, are closed forms implies that a is constant in U. The lemma
now follows from the principle of unique continuation of solutions to elliptic
PDEs [18].

The remainder of this section contains the proofs of Propositions 8.1 and
8.2. Although Proposition 8.2 implies Proposition 8.1 except for special met-
rics, the proof of Proposition 8.1 will be given in detail because it establishes
results that are necessary in later sections. The proofs are presented in opposite
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order. In both proofs, the strategy is to verify that the respective assumptions
imply that the conditions of Proposition 6.2 are satisfied.

Proof of Proposition 8.2. The key observation is provided by the following
lemma.

Lemma 84. Let r > 2. For an open, dense set of metrics on Ty, in the C*
topology, there exists p € M where P_HZ2 spans a plane in A, T*| , and where
{d|w|*: @ € P_H}g } spans a plane in T*

This lemma is proved in Appendix B.

Assume that the given metric on 7, satisfies the conclusions of Lemma 8.4.
With this the case, there is a point p € M and a basis {w;, w,} of P_H2x
which is normalized so that |w,[(p) =|w,|(p)=1 and (w;, w;)(p)= 0. In
addition, the functions

(8.1) h= %(I‘*’ﬂz - |“"z|2) and f, = (w5 6,)

have linearly independent gradients at p. Then the set Z = {x € M: f,(x) =
£;(x) =0} is locally a smooth 2-surface through p. Choose a second point
g € Z different from p. Fix frames in F_ at the points p and g. Let B centered
at p be a ball of radius 1 dist(p, ¢). For p’ € B and A € SO(3), a point
y € F(2)1is given by

(8.2) y=((p's A, 1),(q.1,0)).

By considering the point g fixed, the map % of (7.1), when restricted to y of the
form above, gives a map h(p’, A, r) from B X SO(3) X R —» X R’
Let 6; = &,(p) and @, = &,(p). By rescaling ¢ and redefining A, one

obtains
0
6’2 )

Clearly, h(( p,1,0)) = 0. Now suppose that v = (7, I,) € X, R’ is in Coker dh
at ( p,1,0). By considering dh on tangent vectors to the factor SO(3) X R (cf.
(7.2)), one concludes that v must be of the form

ly
|

(8.3) W(p, A 1)) = e—fA( ‘fl) ;

(8.4) (_jl = 0481 + 362, UZ = —aa?:)' + 361.
By considering dh on tangent vectors to the factor B, one concludes that

0 = af[(ver, 0)(P) = (Ve @)(p)] + B[(ver, ,)(p) + (w1, Ve,)(p)].

Rewriting this last expression gives the following condition on « and S:

(85) adfllp + Bdlep =0.
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Since df|, and df,|, are by assumption linearly independent, one concludes
that Coker dh = (0) at ( p,1,0). Thus the point y = (( p, 1,0), (g, 1, 0)) satisfies
the conditiions of Proposition 6.2.

Proof of Propositioin 8.1. There are two cases which can arise. Case 1
occurs when there exists ¢ € M, where either |w,{(g) # |w,|(¢) or (&, w,)(g)
# (. Case 2 occurs when no such g exists.

Let {w, w,} C P_H2g be linearly independent and such that, at p € M,
|wi[(p)=|w(p)=1 and (w;, w,)(p)= 0. With no loss of generality, one
can take p so that there exists p’ # p, where |w|(p") = |w,[(p") # 0 and
(01, 0,)(p7) = 0.

Proof for Case 1. Let g € M be the point described above. Choose a frame
in F_ at p, p’ and g so that a point y € F(3) is given by

(86) y=((‘LLO)’(p’Al’tl)’(pl>A2’t2)),

where each (A, £;,) € SO(3) X R. For fixed {g, p, p’} the map A of (7.1) when
restricted to points y as in (8.6) and after a possible redefinition of (A, )%,
has the form h(y) = by (A, £)21) + (B1(q), 3()), where

| teT AL L.
Here, 0}, = &1,(p1)-

For the present purposes, the key fact about the map # of (8.7) is provided
by the next lemma.

-Lemma 85. Ler h;: X,(SO(3) X R) = X,R’ be the map in (8.7). Let
F={v=(V,0,)€ X2R3: Either |0,| # |U,| or U, - U, # 0}. For each v € ¢,
there exists { € X ,(SO(3) X R) satisfying hy({) = v and dh; at { is surjective.

The lemma provides a point y € F(3) which satisfies the conditions of
Proposition 6.2. Thus, proving Lemma 8.5 completes the proof for Case 1 of
Proposition 8.1.

Proof of Lemma 8.5. Letv = (%, 7*) € #. There is no loss of generality by
assuming that 7; and ¥, are linear combinations of (&,, 6,). Write 7, = 8,0, for
i € (1,2), where 8 = (8;,) is a 2 X 2 matrix. The transformation 8 — Sf8
where S € O(2) can be compensated by a redefinition of A; and A, in (9.10).
Thus, there is no loss of generality in assurming that § is positive semidefinite.
Let A; = 1. The matrix A, will be a rotation in the (&), ¢,) plane and it can be
represented by

a' | _ [cosf sinﬂ) o'
(8.8) Al(az)_(sinﬂ ~cos @ (6’2)

(8.7) hl((Aia ti)?=l) = e 1A




542 ‘ CLIFFORD HENRY TAUBES

with 8 € [0, 2#]. The values

—ln(% tI'aCCB),
_%m(%(traceﬂ)z - det,B),

0= tan'1[2,312/(,311 - ,322)]

yield A;((1, #,), (A5, 1,)) = (¥,, §,). Notice that because v € _¢, both ¢, and ¢,
are finite. The proof that dh, is surjective at { = ((1, #,),(A,, £,)) is left as an
exercise.

Proof of Case 2. In this case, (w;, w,) = 0 and |w;|> — |w,|* = 0. Choose
distinct points { p,;}{_;, where w; # 0. By choosing a frame at each p;, one
defines a point y € F(4) by y = ((p;, A, 1,){1), with each (A, ¢;) € SO(3) X
R. By restricting the map 4 of (7.1) to y of the above form, one obtains, after
possible redefinitions of (A;, 7,){_;, that A(y) = h,((A,, £,)7-,) with

4 : 7y u 7
h4((A,‘» ti)i=1) = X ehA, 3, + Xe Al L)
i=1 i=3

_02

4

It

2

Restrict /&, further by setting ¢, = ¢, = 1 and A, = A, = 1. Then Lemma 8.5
is applicable to this restricted map, and the lemma provides y € F(4) which
satisfies the conditions of Proposition 6.2.

9. Thecaseb_=3

The case when b_= 3 is similar in many respects to the case b_= 1. The
situation is described by the following proposition.

Proposition 9.1. Let b_= 3. There exist smooth, irreducible self-dual connec-
tions on princiapl SU(2) bundles P — M if —c,(p) = 4.

In the proof of Proposition 9.1, there are two cases which will be considered
separately. The first case is the generic one, when there exists p € M, where
P_HJy spans P_A ,T*|,. This is Case 1. Case 2 is when there is no p € M,
where P_HZ3g spans P_A , T¥,. Both cases will be done in detail as they are
necessary for analyzing the situation when b5_> 3. As always, the strategy is to
verify that under the assumptions above, the conditions of Proposition 6.2 are
-satisfied.

Proof of Proposition 9.1 for Case 1. When Case 1 is true, choose p, € M,
where P_HJy spans P_A ,T* at p,. This is true for all x in a neighborhood
U = p;. Let {w,;}}_, be a linearly independent basis for P_HZ2; which satisfies
(@;(p1) w;(p1)) = 8, for i, j € (1,2,3). Next choose a point p, € U, distinct
from p,. Then choose points p,, p; # p, which are a distance § > 0 from each
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other and from p;. The distance § will be determined shortly; essentially the
requirement that §|| Vw,||, << 1 determines this number. Choose frames in F_
at each { p;}/_,. A point y € F(4) is given by y = ((py, 1,0),(p;, A,y 2)7-1)
with each A; € SO(3) and ¢, € R.

For fixed { p;}7_, the map A of (7.1) when restricted to points y of the above
form is

3 ‘:51(17;‘) ‘31(170)
(9.1) h(y) = Z e A | G (p) | +] B po) |
= @3( p;) ‘7’3(170)

Let {3, = &;(p;))i_;. For § small, the map 4 of (9.1) has the following
decomposition.

&1 Po)
(9.2) h=h, +R+|d,(py) |,

&3( o)
where i, = h (A, 2,)}-,) is given by

3 c_;1
(93) hl((Ai,ti)x:l) = e 5|,

=1 33
and R = R((A,, t;)}_;) is the remainder.
This remainder satisfies
3
(9.9 |R| +|dR| < c-8) e
i=1

Here, ¢ is a constant which depends only on the metric for T;,. The R term will
be treated as a perturbation to the map A, of (9.3).

Case 1 of Proposition 9.1 is proved by analyzing the map 4;. The relevant
question is this: For which v = (7}, 7, ;) € X R3 does there exist { €
X 4(80(3) X R) with #,({) = v and dh, |, is surjective? To answer this question,
write U, = f3,,8,, where B;, is a 3 X 3 matrix. The matrix £ has a decomposition
B = T - U, where T is a symmetric, negative semidefinite matrix, and U € O(3).
Whether or notv € X, R® is the image of a noncritical point of #, depends on
the form of T and U. The dependence is given in the next lemma.

Lemma 9.2. Define a set F= {v= (3,08, 7)€ X,R% (1) The span of
{7} has dimension 2 or more. (2) In the representation v = T - Uo, as described
above, either U € SO(3), or the least negative eigenvalue of T is simple}. Each
element of F is the image by hy of a point in X (SO(3) X R), where dh, is
surjective.
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Assume for the moment that Lemma 9.2 is true. The implications of this
assumption for the map 4 of (9.1) are summarized next:

Lemma 9.3. For fixed p, € U, there exists § > O such that when { p,}}_, are
a distance & apart, the following is true: There exists a point (A, 1,)}_, €
X 4(S8O(3) X R)) such that y = (( po,1,0),(p;, A}, t)3_,) satisfies h(y) = 0 and
dh at y is surjective onto X , R, where h is the map of (9.1).

Proof of Lemma 9.3. Because p, € U, the element w = (&,( py))’_, € F.
By Lemma 9.2, there exists {* = (A}, t})]_; € X ,(SO(3) X R) with #,({") = w,
and where dh, is surjective. For & sufficiently small the remainder, R, of (9.3)
and (9.4) is a perturbation to k; and Proposition 6.2 provides (A, ¢,);_; which
satisfy the requirements of the lemma.

The proof of Case 1 is completed by proving Lemma 9.2.

Proof of Lemma 9.2. Write v = Bo (that is, T = B}, ), where Bis a 3 X 3
matrix. Let § = T - U be the decomposition of 8 into (symmetric, negative
semidefinite) X (orthogonal). The matrix 7 has the representation 7= VDV7,
where ¥ € SO(3) and D is a diagonal matrix, D} = d,8/. Two possibllities
arise. The first is when U € SO(3). Then the matrix D has the decomposition
D=7%;_rL, where r, = -4(traceD — d,) and L, € SO(3) are the
matrices L, = diag(1,-1,-1); L, = diag(-1,1,-1); L, = diag(-1,-1,1). One
concludes that 8 can be written as

3
(9.5) B= > rnVLVTU.
k=1
Observe that each S, = VL, VU € SO(3). Since the basis {6;}>_; of R is
orthonormal, there exists a unique A, € SO(3) such that

(9.6) AG = (S,)56,.

Since T has at least two nonzero eigenvalues, each r, > 0. Thus (A, ¢, =
-ln 7))} -, € X,(8O(3) X R) is mapped onto v by A,.

The second possibility which occurs is when det U = -1, and the largest
eigenvalue of 7 is simple. Assume that this eigenvalue is d3(lds)l <
|d(1)|, |d(2)D- . ) )

Write D = DU, where U = diag(1,1, -1). The matrix D has a decomposition
D =%}, p,Ly, where py = ~(dp —dg), pr = —(dy) — dg)) and p3 = —(dy,
+ d ). Each p, > 0, and B has the decomposition

3
B= Y o VLIUV'U.
k=1

Note that each S, = VL, UVTU € SO(3). Let A, € SO(3) be such that A5, =
(Sk);ﬁj. Thus (A4, 1, = -Inp)i_, € X ;(SO(3) X R) is mapped onto v by h;.
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It is an exercise that is left to the reader to show that for both cases, dh; is
surjective at (A, 7,)i_;.

Proof of Proposition 9.1 for Case 2. Choose a point p; € M, where P_Hf)R
spans a 2-dimensional subspace of P_A ,T* Up to a scale, there exists a
unique w; € P_Hpy which satisfies w,( p;) = 0. Choose p, € M, where P_ Hjy
spans a 2-dimensional subspace of P_A ,T* and where w;(p,)# 0. The
2-form w; is specified completely by requiring that }w;|( p,) = 1. The remaining
elements { w;, w, } of a basis for P_HRAy are specified by the requirements (1)
{wi(p1), w,(py)} are orthonormal and (2) w;( py) and w,( p,) are orthogonal
to w3( ).

Select p, € M a distance § from p, and select p; € M a distance § from p,,.
The number 6 > 0 will be specified shortly; essentially by the requirement that
dllvell, << 1. To order 8, w ,(p,) = @;,(py) and @ 5( p3) = w1 5(Py)-

Choose a frame in F_ at each p; so that a point y € F(4) is given by

(9.7) y= ((p0>1’0)>(pifAiﬁti)?=l)’

where each (A}, #;) € SO(3) x R. For fixed { p;};_,, the map A of (7.1) when
restricted to points y as in (9.7) has the form A = A’ + R, where b’ =
W((A,, 1)) and R = R((A;, t,)}_,). Here, /', after a possible redefinition of
the A,’s, is given by

7 Lt
h'((An ti)?=1) =e A ] 6, | + e A, -5,
0 0
(9.8) a0, o0,

+e A5 | a0 | +| ayd |,

-0y 0,

where 6;, = &;,(p;) and at least one of (a;, a,) is nonzero. The remainder,
R, satisfies

3
(9.9) IR| +|dR| < c-8Y e,
i=1

where ¢ is a constant which depends only on the metric on 7,,. This R will be
treated as a perturbation to the map A’ of (9.8).
The map 4’ is upper triangular in the sense that when (A; =1,¢, = 0), 2’
defines a map A;: X,(SO(3) X R) = X, R? given by the relation
;6
+2 a0 |-

W((A 1)y, (1,0)) = (hl((Aféfﬂil)
0
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Thus,

. .
(9.10) hl((Ai’ ti)12‘=1) = e_tlAl((—l’l) + e_tzA2( 0—’2)‘

0y

This is the same map #4; that appears in (8.7). Hence, Lemma 8.5 is
applicable. Let_# be the set defined therein. Observe that 2( a6, ,6;) € ¢ if
at least one of (a,, @,) is nonzero. Hence Lemma 8.5 provides (A;, #,)?_; €
X ,(S0(3) X R) such that 2'((A;, ¢, 2_1,(1,0)) = 0 and (cf. the proof of Pro-
position 7.1) di’ at ((A,, t,)?_,, (1,0)) is surjective. For § sufficiently small,
Proposition 6.1 is applicable to the decomposition # = A’ + R. This follows
from (9.9). Therefore, there is a point y € F(4) of the form given in (9.7) which
satisfies the conditions of Proposition 6.2.

10. Whenb_> 3

For a given value of b_> 3, it is straightforward to show that the conditions
of Proposition 6.2 are satisfied when / is sufficiently large. One has

Proposition 10.1. Let b_> 3. There exists a smooth irreducible self-dual
connection on a principal SU(2) bundle P —> M if —c,(P) > 4/3b_.

Proposition 10.1 does not necessarily give the minimum value of —c,(P) for
which P — M can admit a self-dual connection. One obtains a much smaller
value of —¢,(P) as being sufficient if a generic assumption about the metric on
T,, is made. A conjecture is that this generic condition is actually not
necessary. A suspicion is that an argument of a more topological bent will
eliminate it. (Perhaps an argument along the lines of the proof of Theorem 1.3
will succeed.)

Proposition 10.2, ZLet b_> 3 andlet r > 2. For an open, dense set of metrics
on Ty, in the C'-topology, there exists a smooth, irreducible self-dual connection
on a principal SU(2) bundle P > M if —c,(P) > b_.

This proposition is similar in its proof to that of the following result for the
cases b_< 3. S. K. Donaldson [8] suggested the proposition below to the
author.

Proposition 10.3. Suppose that there exists w € P_H}g and g € M such
that w(q) =0 and vw: Ty, > P_A ,T*|, has maximal rank. Let r > 2.
When b_= 1, or for an open, dense set of metrics on T\, in the C'-topology when
b_= 3, there exists a smooth, irreducible self-dual connection on a principal
G-bundle P — M when —c,(P) > b_.

The reader should compare Theorem 1.3 (and its proof) with Proposition
10.3 when b_= 1.
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The proofs of Propositions 10,2 and 10.3 are tedious and at the same time
unenlightening. For this reason, only the »_= 1 case of Proposition 10.3 will
be proved in detail. The proofs of Propositions 10.2 and the remaining case in
Proposition 10.3 will only be sketched and the reader is referred to [21].
Proposition 10.1 is proved in the next section.

Proof of Proposition 10.3 when b_= 1. Use equations (7.1), (7.2) and
Proposition 6.2.

Proof of Propositions 10.2 and 10.3, outline. 1In the proof, the three cases
b_=10,1,2 mod(3) are considered. In each of these cases, a specific basis of
linearly independent forms in P_ H3; will be chosen. Certain properties of this
basis are required and for a C” generic metric (r > 2), a basis with these
properties can be found. Write b_= 3n + m with m = (0,1,2) and n > 1. The
first such requirement is that there exist a linearly independent basis of
P_Hpy, indexed as { w;, w,; } forj € (1,---,m), @ € (1,---,n) and i € (1,2,3)
with the properties:

(1) There are distinct points { p,}7_, € M at which {w,(p,)}_; is an
orthonormal basis for P_A , T* at p,,.

(2) For 8 # a, { @, (pg)}i—1 = 0, and for all &, {w;(p,)}/2; = 0.

(3) There is a point ¢ & { p,} in M at which w,(g) = 0, and the linear map
v : Tyl, = P_A,T* hasrank 3.

When b_= 3, denote the 2-form « of Proposition 10.3 by w; and label the
remaining elements of an L,-basis for P_HJy by {w }13-=2.

For 6_> 3, each of the cases #_= 0, 1,2 mod(3) requires that one fix § > 0
so that

a¥F

< min{ rmg (dist( py» Pg)). rrLin(dist(q, pa))}.

The number & will be determined by considerations similar to those that
occurred in the proof of Proposition 9.1. For each a € (1,- - -, n) choose points
{ Par> Paa )} to be a distance & from each other and from p, = p,;. Choose an
orthonormal frame {x“})_, for P_A , T,/|, and by choosing paths, parallel
transport { x“} to each p,..

In order to prove Propositions 10.2 and 10.3 simultaneously, the convention
is made that when b_= 3, the set { p,;} is empty, and remarks concerning
them should be ignored.

The strategy for the proof of Proposmons 10.2 and 10.3 is to appeal to
Proposition 6.2 to obtain the existence under the relevant assumptlons

Let {g,)#_, be Gaussian coordinates on a ball B, centered at ¢ = {g, = 0}.
Since Vw,; at ¢ has maximal rank, w; vanishes along a curve through ¢, and
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one can choose distinct points {¢;}7_; & {q, Py }a~13-; on this curve, where
w,(g;) =0, fori € {1,2}. Require that dist(g,, q;) < 6.
A pointy € F(b_)is defined by

y— ((qv’l’o) (q/’ t)j ;"m (pal’AaHtm a= 131 1)

with each (A}, ¢;), (A, 1) € SO(3) X R. The convention here is to ignore
index subscripts in {0, -1,-2,--- }.
The map 4 of (7.1), when restricted to y of the above form, defines a map

h: B x(SO(3) X R)* ™" x( X (SO(3) x R))" SR xR x( X R3)".

This map has the form 4 = h + R, where i = (h;(q,), ko, (h,)" ;). Here

3 ﬂal(pa) ﬂal(o) 2—m asal(qf)
= Ze_laiAa[ qaZ(pa) + _'aZ(O) + Z e_tjAj asaZ(qj) ’
=t aa3(pa) 6a3(0) /A ‘:5&3(61,-)
- 0 2—m 6 q
@5(0) j=l1-m ‘*’3(51/)

and K, = 4,(9,8,)0).

The remainder, R = (R}, Ry, (R,)%_), has IR |, |R,| small (0(8)) with
respect to |h,l, |hg| and |RG| is ¢(X, q,9,). The remainder R is treated with
Proposition 6.2.

The main term % is “upper triangular”, and the conditions of Proposition
6.2 are verified for & by treating the blocks (4}, kg, (h,)"_,) independently
with Lemmas 9.2 and 8.5. But here, further generic assumptions are required;
they are listed below: Let #, ¢ be as in Lemmas 9.2 and 8.5 respectively.
Then (1) {w};=/", spans a 2-plane in P_A,T* at ¢; (2) the pair
(&,(0), 63(0)) €, (3) there exists (1, A, )2 m € X ,(50(3) X R) with
ho(t;, A)) =0, dho(1;, A)) is surjective, and (4) for each a, (B,(0)+
LIl e VN 8,(g))]- is in F.

J P ad

11. When b_> 3, continued

The purpose of this section is to prove Proposition 10.1. The proof is
obtained by demonstrating that the conditions of Proposition 6.2 are satisfied
for P - M when —c,(P) > $b_if b_> 3.
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To begin, write b_= 3n + m, with either n > 2 and m € (0,1,2) or n = 1
and m € (1,2). The proof requires a basis-of P_HJ; with some specific
qualities which are spelled out in the first lemma:

Lemma 11.1. There exists an integer | € (0,---,n) and distinct points
{ Pa )i, with the following properties:

(1) The subspace Z,= {w € P_Hpg: w(p,) = 0} spans no more than a
two-plane in P_A , T* at any pointp € M.

(2) There is a basis { w,; }o—1%—1 of P_Hpg /Z, which is uniquely defined up to
elements in Z, by the requirements that for each a, { w,;( p,)}i-, is orthonormal
and for each B # a, {w,(pg) = 0};_;.

(3) Let I’ be the greatest integer which is less than or equal to 3(b_— 3I).
There exist distinct points {qg}p—, and a linearly independent set { wg, Yomria=1
C Z, with the property that for each B, {wg4(qg)}; -, is orthonormal and for
each B+ o, {©,4(qg) = 0Yi_,.

Proof of Lemma 11.1.  Use the Graham-Schmidt procedure and Lemma 8.3
to choose this basis.

For each a € (1, - -,/), choose points { p,;}3_; to be a distance § > 0 from
each other, and from p,, = p,. For each 8 € (1,- - -,I") choose a point g, to be
a distance § from gz, = g5. The number § will be specified shortly; for now
require that & is much less than the minimum distance separating the points in
{ P> g }=1'g=1 - Require also that

8 < | sup [|V6loo/llwlls |-
P_Hpy

There are three cases which arise and are considered separately. Case 1 is
when b_— 3/1s odd; Case 2 is when b_— 3/ is even, but not 2; and Case 3 is
when b_— 3/ = 2.

Proof for Case 1. When b_— 3/ is odd, there exists a 2-form w € P_Hpy
which vanishes at each p, and g,. This form « is unique up to scale. A
consequence of Lemma 8.3 is that if Z, # Span{w }, there exists ¢ € M where
{w(q), wg,4(q)} spans a 2-plane in P_A ,T*, for each Be(, --,0") and
A € (1,2).If Z, = Span{w } choose g € M where w(q) # 0. Letq’ & { p,, g3}
be a distance § from g¢.

By choosing frames for F_ at each p,;, gg4, ¢, ¢’, one can write y € F(4/ +
20" + 1)) as

5 = (((Pass 1,00, (P A ta)ir), 1
(11.1)

2 ’
(qﬁA’ ABA’ r+ tBA)B=1,A=1; (q9 Al: r+ tl); (q 51’ r))?
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where the (A, t)’s are in SO(3) X R and r > 1. By redefining the (A, )’s if
necessary one discovers that the map % of (7.1), when restricted to y as in
(11.1), has the form & = k' + R, where &', R: X,,.,,,,(S0(3) X R) > R*-
are functions of the (A, ¢)’s. The remainder, R, satisfies

Y et + e"(Ze"ﬂA +e 4 1))

ai BA
Here, ¢ is a constant which depends only on the metric on T,,. As in the
previous sections, R is treated as a perturbation to /',
The map
W= ((k)hers (Rp)prs iz) e X ( X Ra) % ( % R3) <R
I\ 3 r

2

(11.2)  |R|+|dR|<c- 5"

has the upper triangular form

3 0 [0
(1) ha = Z e~taiAmi 62 + 62
= 5 %
roo2 G G
(11.3) +te | XX e g | Gur (CI/;) +(e_tlAl + 1) @ez [(9) ],
A=14=1 55413 55:13
- 7 o Bg107
2) hp=e e mAy| L]+ e A Sl +(e A + 1 RN
( ) # [ Bl(oz BZ(—"z ( ! ) ﬁﬁzol)}

(3) h=e"[e AT, + ).
Here, {3,}?_; is an orthonormal frame for R?, and by assumption, at least one
of B, Bs, 1s not zero for B € (1, - -, 7).

The map 4’ has a zero. Indeed, set t; = 0 and specify A; by the requirements
A6, = -0, and A,0; = ). Lemma 8.5 determines each (Agy, fg4), B €
1,---,/) and 4 € (1,2). For r sufficiently large, Lemma 9.2 determines each
(A ty),a€(@,---,lyand i € (1,2, 3). For these values of the (A, ¢)’s, dh’ is
surjective. Thus, if § > 0 is sufficiently small, Proposition 6.1 provides y €
F(4! + 2(I" + 1)) which satisfies the conditions of Proposition 6.2. Because
4] + 21" + 2 < #b_, Case 1 is true.

Proof for Case 2. When b_~ 3l is even, but not equal to 2, then either
b_=3lor b_— 3l > 4. When b_= 3i, repeat the argument for Case 1 with
{494 9> q’}£=1,}=1 = g.

Now assume that b_— 3/ > 4. Choose a point ¢ € M, where none of the
2-forms wg,(gq) vanish for g € (1,---,I') and A4 € (1,2). Choose a point
q" € M to be a distance § from ¢ and disjoint from each p,;, and gg,. Let y as
given in (11.1) define a point in F(4! + 2/’ + 2). When h of (7.1) is restricted
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to y as given in (11.1), it has the form % = h" + R, where h’, R:
X 2242803 X R) > R**- are again functions of the (A, ¢)’s. The re-
mainder R satisfies (11.2) again. Now the map 4’ has the upper triangular form
B o= ((hy)sar, (hg)g=1) € X, (X, R) X, ,(X,R). The h,’s are given by (1)

of (11.3) while
"_531(‘1)
"_5/32(‘1) ,

for B (,---,). By assumption, for each 8 (1,---,/) and 4 € (1,2),
&g (q) # 0. For generic values of (Ay, 1;) € SO(3) X R, Lemma 8.5 provides
for each B, 4 the (Agy, tg4) for which hg(A gy, 1g,) = 0 and dhy is surjective.
For r sufficiently large, Lemma 9.2 does the equivalent provisioning of the
(A, ;) for each A . At this point, the argument follows as in Case 1 to show
that y € F(4/ + 2/’ + 2) exists satisfying the conditions of Proposition 6.2.
Case 2 is true because if b_— 3/ > 4, then 4/ + 2/' + 2 < 4b_.

Proof for Case 3. In this case, b_= 3n + 2. Let { p;}, {14 = 94 }5-1 be
the points that are specified by Lemma 11.1. Let ¢ € M be disjoint from
{ Pasi» 44} By choosing frames for F_ at each { p,;, 94, ¢}, a point y € F(4n +
3) is defined by

—

01) + e"‘”Am( U}. ) +(e"‘A1 + 1)

0, -0,

—

(11.4) hy= e-'[e"ﬂlA,ﬂ

3 n
y= (((paO’l’O)’(pai’ Aai’ tai i=1)a=1’
(qA7 AAb tA + r)i=1’ (q’ AS’ t3 + r))

Here, the (A, t)’s € SO(3) X R and r > 1 will be specified shortly. When 4 is
restricted to y of the type above, it defines a function from

W= (M\ (> 44}) X (SO(3) X R) X ( X (50(3) x B))

(11.5)

- X ®x(xw)

Here, the points { p,;, q,} are considered fixed and g is variable. As before,
h =k + R, where i’ = ((h,)"_,, h) is block diagonal and R is the remainder.
The map #,: X ,(SO(3) X R) > X ,R%is

3 0 0
ha = Z e—taiAai 62 + 62
=l 7 7
(11.6) G (q1) Bu(q)

2
+e | Y e | Bpnlqy) | + eTBAL| Bha(q)
A=t "_5413(%) @,3(q)
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The map A is

2 N —
(11.7) h=e'| ¥ e"AAA(Ol) + e-’3A3(‘fl(q) ”
A=1 o2 @,(q)
where {w, = w;,}4_;. The remainder R satisfies bounds that are similar to
those in (11.2).

If there exists ¢ € M, where either |w,|(g) # |w,(g)| or (w,, w,)(g) # 0, then
Case 3 is proved by applying the arguments for the proof of Case 1 of
Proposition 8.1 (cf. Lemma 8.5) and arguments that are completely analogous
to those used to prove Cases 1 and 2 in this section. The details are left to the
reader. '

The situation where |w,| — |w,| = (w;, w,) = 0 is more subtle. Assume that
this pathology occurs on M. Let p € M be distinct from { py,}i_1, { Pai }iz02=2s
{44> q}5-, and consider a point y € F(4n + 3) of the form given by (11.5) but
with p replacing p,, in that equation. The points { p;;}3_; are still a distance 8
from p,, which is fixed; the point p is variable.

As before, h = h" + Rwith &’ = (h,, h), where now

3 a G &y(p) -8 dn
hy= Y e A, B | +|6 | +|&,(p)—0%|+e | G |-
=1 a3 a3 é5(p) —a° Gi3
Fora > 1,
3 7 7 Ba(P) G
hy= Y e Ay |G| +|0|+]|8n(p)|+e | dul-
= %) (%] |&a(p) Ga3

Here,
2
(11-8) Goi = Z e—t‘AA‘T’ai(%) + e_r3A3‘;5ai(q)’ 0, = _'11(1710)-
A=1

The map % is now

. =1 =1
(11.9) h= e"[ > e"AAA(;Z) + e"3A3(;2)} +

A=1

61(!7))
& (p))

Choose p sufficiently close to p;, so that 0 < |w;|(p) <1 and |&,(p) —
B (P10)] < 1. Set 7 = —In|w,|( p). By a redefinition of { A ,, A;}%_,, % can be
put in the form

2
h((A/h tA)ii=1: (A3’ t3)) = e"[ Z e A,

01
d

+(eBA, + 1)(;12)}

A=1 2
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Lemma 8.5 provides { = {(Ay, ¢,),(As, t;)) for which A({) = 0 and 4k, is
surjective. As (|&,,( p) — $,;(P1p)] + €77) < 1, Lemma 9.2 provides the data
{(A» t,)), where A, = 0 and dh is surjective. At this point, the proof of
Case 3 follows in the same manner as the previous cases, the details are
omitted.

Appendix A. Proofs of results in §3

This appendix contains the proofs of Theorem 3.2 and Proposition 3.1. To
begin, it is useful to introduce some notation. Let % denote the Hilbert
manifold of Ls, connections on P [9]. Let a2, §' denote g ® P_A , T* and
d ® T*, respectively. Let || - ||, , denote the Sobolev L, , norm (derivatives
through order & are in L)).

Consider the operator H, = 2,9, on sections of §> when 4 € %. It is a
straightforward exercise with the Sobolev inequalities to verify that H, is a
bounded, closed, linear operator from LS,Z(QE) — L3,(8%) (cf. [9]). In fact, if
Ag € €(P) 1s fixed, then V, = H, — H, is a compact operator, and the
mapping 4 — V, is a smooth map from % into the Banach space of compact
operators from Ls ;(82) to Ls,(§?) (cf. Chapter I1.4 of [13] for definitions).

Equivalently, for 4 € &, H,, is a closed operator on L, ,(§?%) or L,(§2) with
dense domain Ls,(32). For 4 € ¥, H, has smooth coefficients, and is a
self-adjoint operator on L,({2) with dense domain L,,(§2). Generally, one
has

Lemma Al. For A € €, the operator H, is self-adjoint on L,(32) with
dense domain L,,(§?).

Proof of Lemma A.l. The operator H, is symmetric. If 4, € €(P), then
the difference V, = H, — H, is H,-bounded with a H,-bound which is
quadratic in ||4 — Agll4,. This is a straightforward application of the Sobolev
inequalities and the definitions in {13, Chapter V.4.1]. As ¥ C % is dense and
H, is self-adjoint, the self-adjointness of H, follows from Theorem V.4.3 of
[13]. The same theorem states that the domains of H, and H, coincide.

Now consider the spectral projections. For 4 € ¥ and E > 0, the existence
of T1;(4) as a self-adjoint, bounded operator on L,(§?) follows from the
spectral theorem, cf. [13, Chapter V1.5.3). It is well known that when 4 €
€ (P), X H, has discrete spectrum with finite multiplicity and no accumula-
tion points. These last observations hold for 4 € €, as one can appeal to
Theorem IV.3.18 of [13] and the fact that ¥ C %is dense.

Before turning to the proof of Theorem 3.2, it is appropriate to establish
some further properties of the spectral projection II.(-); in particular
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Lemma A.2. Let A € €. For E < o0, the projection T1o(A) is a bounded
linear map from L, ,(82) 10 L, ,,,(§2) for k € (0,- - -,4), and from Ls,(§?) to
itself.

Proof of Lemma A.2. This follows from the standard elliptic regularity
theorems for the eigenfunctions of A, [16, Chapters 5 and 6].

Lemma A.3. Let A € €and suppose that E < oo is not an eigenvalue of H .
Then there exists an open neighborhood, V O A such that I z(-) is a smooth map
of V into the Banach space of bounded operators on L5,2(@3).

Proof of Lemma A.3. Introduce the complexified spaces L4,2(@1 ®gC),
Lso( 32 ®x C) with the obvious hermitian inner products. Let § €
C \ Spectrum H,, and consider, for fixed v € Ls,(§2® C), the map

hu(a, “) = ((1, 9A+a@§+a(u + U) + §(“ + U))

from B® = L;,(§' ®gC) X Ls,(§28C) to B! = L,,(d' ®xC) X Ly,(§2
® g C). The previous considerations imply that this is a bounded, smooth map.
As { & Spectrum H,, dh |, is an invertible operator. This fact, and the
implicit function theorem imply that for all ||| 4, sufficiently small (depending
on ), the operator H, , , + §, from Ls,(§2® g C) to Ly,(§2® ¢ C), is invert-
ible when ¢ & Spectrum H,. In addition, the inverse depends analytically on
a € L,,(§' ®xC). By Theorem VIL1.3 of [13], the family of operators H,,,,
that is indexed by a € L,,(§2® 3 C) is holomorphic at 2 = 0. Lemma A.3 is
now seen to be an immediate consequence of Theorem VII.1.7 of [13].

Proof of Theorem 3.3. Armed with Lemmas A.1-A.3, the theorem is a
straightforward generalization of Theorem 3.2 of [20], so the discussion will be
brief. The existence of the constants e, and ¢, and the solution u,; € Ls,(§?)
to (2.7) is proved by repeating the proof of Theorem 3.2 of [20], essentially
word for word. As in [20], one obtains that &, and ¢ are independent, and
independent from the choice of 4 € @(P) and P. Equation (3.3) here is (3.7)
of [20]. As for (3.4), observe that because Il (A)uy = 0, one can take the
L,-inner product of both sides of (2.7) with u, to obtain

2 .
(A.1) |2Suel, = ~(ug, Djug A Dijuyp + P_l§,>2.
Using Holders inequality on the expression above gives
2
(A2) ”9);“5“2 < ”“5”4(“9);“5”2“9;“5”4 + “P—FA“4/3)' _

Lemma 4.6 of [20], with {(A4) replacing {(A), together with Lemma 5.2 of [20]
yield the following inequality which is valid for any v € L, ,(3?) satisfying
IIz(A)v=0:

(A.3) lolla < exge ()| 2o,
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Here, ¢, is independent from 4 € €(P) and P. Since I (A)uy, =0, u,
satisfies inequality (A.3).
By applying (A.3) to (A.2), and utilizing (3.3), one obtains that

2
ngusuz(l = (A4)8p(4)) < C/fE(A)”@ju5”2”P~FAH4/3-
Here, ¢’ is independent of 4, P. Equation (3.4) follows immediately when
§p(A)8e(A) < g < ()7
The uniqueness of the solution, u, is proved by supposing the contrary and

establishing a contradiction: Let u, v be two solutions to (2.7) satisfying (3.3)
and (3.4). Thenifw=u—v

(A.4) D, Diw =T (A P_(Diw A Di(u +v)).

By taking the inner product of both sides of (A.4) with w, one obtains
(A.5) 12w, <Wwlla[2i(u + 0)]..

Since 11 ;(A4)w = 0, (A.3), (A.5) and (3.3) yields the inequality

(A.6) 1< e et (A)8(A).

As the constant ¢ is independent of ¢, it is no loss of generality to assume that
gy < (¢; - ¢)71. Now (A.6) is a contradiction that establishes the uniqueness of
qu

In order to prove Proposition 3.3, one must examine how u z(A4) of Theorem
3.3 varies with 4 € €. If E is not an eigenvalue of H,, then by Lemma A.3,
there exists an open neighborhood, 4 € V' C ?e, such that forall 4" € V, E is
not an eigenvalue of H,. From Lemma A.3 and the Sobolev inequalities, the
map F%(-), below, is a smooth map from ¥ X Ls,(§%) = V' X Ls,(§2):

< E(A,, u)

(AT = (4, 9, u + T (L) P_(Dhu A Dyu + Fy) + T p(A)u).

The map & is smooth on ¥ X Ls,(§2).

Lemma A4. Let A € €, and suppose that E € R is not an eigenvalue of
2,9}, Then the differential d ¢ at (A, ug(A)) is an isomorphism from Ly, (§")
X L5,2(@3) - L4,2(@1) X LS,Z(@%)-

Assume Lemma A.4 for the moment.

Proof of Proposition 3.3, assuming Lemma A4. 1f ¥*n. is constant along
N, then for each x € N, there exists E’ > E such that E’ is not an eigenvalue
of 2,97 and Il ;.(A) = TIg(A) for A = ¥(x). Let x € N and let E’ > E be
as above. There is a neighborhood V of 4 = ¥(x) such that II..(-) is smooth
on ¥V and Il;.(A4") =11 (4") for all A" € V' n ¥(N). This is Lemma A.3.
Thus, ¥*I1.(-) is smooth on ¥~}(¥) N N. The implicit function theorem and
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Lemma A.4 implies that the assignment A" — ug.(A’) is a smooth map from ¥V
into Ls,(§2). Therefore, the composition 4’ — %} u(4’) gives a smooth map
from V — L4’2(@1). Restricting to ¥ N ¥(N) establishes smoothness for
Y*Pup on ¥*V' N N. Similarly, fz: ¥V = L;,(§%) is smooth, so the restric-
tion to ¥*F N N, ¥*f, is smooth.

Proof of Lemma A.4. The linear operator d| 4 4y, @pplied to (a, v) €
L,5(8") X Ls,(§2), has the form d.%(a, v) = (a, T(a, v)). The linear operator
T: Lyy(8Y) X Ls,(8%) = Ly 5(§2) is

T(a,v) = 2,950 + 21 (A)P_(Dluz A Div) + I g(A)v
+2P-(a A Dhug + .@A(aTuE))
(A.8) + 105 (A)P_(4D%ug A atug + D,a)
—{(8Tiz(4), a)[P_(Djug A Dlup) + P_E, — ug).
Here, a'(u) = 1*(a A u — u A a), and <5HE(A), a)[-] denotes the differen-
tial of the map 4" — I12(A4") of V into the Banach space of bounded, linear
operators on Ly ,(§2).

It is clear that d% is an isomorphism if for fixed a € L,,(§"), T(a, -):
Ls,(82) = Ly,(§?) is invertible. To see that this is the case, it is useful to split
each v € L,,(§%) asv = v, + v,, where v, = [I(A4)vand v, = [ (A)v.

Now T is invertible iff for each g € L,,(§?), there exists v = (v;,0,) €
L, (82) such that

2,Djv, + v, = g(4)[qg - 2P_(a A Diup + 2,(a'u,))
—~ (811 (A), a)[P_(Dlug A Dijug) + P_F — ugl],
2,940, + 210 (A)P_(Dhug A Dj,) = T1E (A)] g — P_(2Djug A Ziv,
(A.10) +2a A Blup + 9,(atug) + 4D%ug A aug + 9,4a)
+ (8T (A), a)|[P_Dlup A Djug + P_F, — ug]].

Equation (A.9) is a linear equation for v; in terms of ¢, a, u; and 4 and it
has a unique solution v; € 1 z(A)Ls,(§2).

Because v, can be solved for, (A.10) is now a linear equation for v,. Indeed,
the right-hand side of (A.10) depends only on ¢, a, ux and A. Whether or not
one can solve (A.10) for v, depends on whether or not the operator

2, 94() + 25 () P_(Diug A D)(0))
is invertible on II% (4)L;,(32). The same arguments that were used in the

proof of Theorem 3.3 verify that this is so, provided that 4 € %, and u,
satisfies (3.3) and (3.4).

(A.9)
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The conclusion is that 7 is invertible and that d% 4,4y is an isomorphism,
as claimed.

Appendix B: Metrics and P_H}y

The vector space P_Hpy is the linear space {w € I'(A , T*): dw = 0 and
*@ = —w}. As one considers various metrics on T,,, the + operator changes
and so P_Hpy changes too. The question of how P_H3; changes with the
metric is the topic of this appendix. The purpose here is to prove Lemma. 8.4.
In proving Lemma 8.4, the following result is used.

Lemma B.1. Let E|, E, be Hilbert manifolds and let f: E, — E, be a smooth
map. Let Z C E, be a closed, nowhere dense subset. Then f "Y(E, \ Z) is open in
E,. If at every point x € f~(Z), the differential df: Ty |, = Tg |, is surjec-
tive, then f "Y(E, \ Z) is dense in E,. Alternatively, if Z is contained in a smooth
submanifold Y C E, and if at each x € f "N(Z), the induced map df: Tgls =
(Tg,/ Ty)\ () is nonzero, then f (E, \ Z) is dense in E,.

Proof of Lemma B.1. The statement that f "}(E, \ Z) is open is implied by
the fact that fis continuous. The last two statements follow using the implicit
function theorem.

To apply Lemma B.1 to the problems at hand, it is convenient to introduce
some formal ideas. For an integer k£ > 5, let © denote the Hilbert manifold of
L, , metrics on 7). This is defined as follows: Given a fixed metric m on T,,,
one first defines L, ,.,(Sym, T*) where the subscript m signifies that the
norms and covariant derivatives are defined using m. Then

o= {m, < Lk,2;m(sym2T*):
Forallp € Mand 0 # { € Ty|,, m'({,¢{)(p) > 0}.

The spaces so defined by two metrics m and m’ are isomorphic. The tangent
space to m € © is naturally L, ,.,(Sym, T*). Henceforth the subscript “m”
will be suppressed.

Let Qp, p € (1,---,4), denote the completion of I'(A , T*) in the L, ,-norm.
By the Sobolev theorem, there are the compact embeddings

(B.1) 0,8, - C* 7.
Let P, = P ,(m) be the metric dependent projections on A , T*. The assign-

ment of m € © to the b_ dimensional vector subspace ¥V(m) = P_H3z C Q,
defines a smooth, R?- vector bundle

(B.2) mv-o0.
The arguments to prove smoothness are similar to those of Appendix A.
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Each i € T3], defines a section
X =X(h)e L, ,(Hom(P_A,T*; P, A,T*))

via the natural isomorphism of the vector bundle Hom(P_A , T*; P, A, T%)
with traceless Sym, (T*). Observe that (4, u) € Ty|,, X @, is tangent to (m, w)
€ Viff

(B.3) P.u+Xwo=0 and du=0.

The results in §8 require a knowledge of the linear dependence of harmonic
2-forms and their derivatives at points in M. For p € M, define the evaluation
mape,: V- A,T*,=R°by

(B.4) e,(m,w)=w(p).

Due to (B.1), e, is a smooth map of ¥ into R®.

The application of these constructions is in the proof of Lemma 8.4.

Proof of Lemma 8.4. Let m € ©. Then due to Lemma 8.3, there exists
p € M where V(m) spans a 2-plane in A ,T* at p. Since e, is continuous,
there is a neighborhood U C © of m such that ¥V (m’) spans a 2-plane in A , T*
at p for all m" € U. Define a connection on V by specifying that the horizontal
subspace at (m, w) € V be

(B.5) H, = {(h, ) € Tyl(m oy (u, V(m)>2 = 0}‘

This is a smooth connection, and by parallel transport out from m, a basis
{w;, w, } of V(m) can be extended in a smooth way to define a basis { w;, w, }

for ¥ over U. Define a map f: U — T* & T*|, = R® by

(B.6) f(m) = (dlw;*(p), dl,*( p)).

The function f is smooth, due to (B.1). Therefore, the set {metrics in U for
which d|w;|*(p) A d|w,|*(p) # 0} is open in U.

The next observation is

Lemma B.2. Let m € O, and suppose that { w,, w,} C V(m) spans a plane
in A, T* at p € M. Extend {w,, w,} on an open set, U of m in O using the
connection of (B.5) and let f: U — R® be the map in (B.6). Then df|,, is
surjective.

Before proving Lemma B.2, note that Lemma 8.4 is an immediate conse-
quence of Lemmas B.1 and B.2.

Proof of Lemma B.2. Let B C M be an open neighborhood of p on which
{w,, w, } are linearly independent. Choose w; € I'(B; P_A , T*) to be point-
wise orthonormal to w; and w,. Consider a pair {ay, a, } € I.(B, T*), where I,
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denotes compactly supported sections. A section h € I'.(B;Sym,T*) is
uniquely defined by requiring that
(1) Traceh =0, and
(2) X(h)w,= P.da; foric (1,2) and X(h)w; =0.

The horizontal lift of 4 to Ty, , v, § = 1,2, gives the pair .
(h,-da,) € H,, ) i< (1,2).

(B.7)

One now observes that the differential of fat mon h € T/, is given by
df|,,(h) = 2(d(°°1, da,), d(w,, daz))|p-

Since a;, a, are arbitrary sections and neither w; nor w, vanish at p, Lemma
B.2 follows. :
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